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SUMMARY

Eigenvalue problem methods, developed for boundary-layer flow are used to consider the spatial stability of the viscous
flow past a flat plate which has been separated by mass addition at the surface. A study is made of the rate of approach
of a slightly disturbed initial profile to the interaction similarity solution found by Kassoy [1] and Klemp and Acrivos
[2]. It is shown that eigenfunctions generated in the separated viscous layer (free shear layer) propagate into the in-
viscid rotational layer adjacent to the wall. Thus by the inherent interaction process involved, these disturbances
affect the external flow as well. The results indicate a relatively slow rate of decay when compared to an attached bounda-
ry-layer flow on an impermeable surface.

1. Introduction

Recently Kassoy [1] and Klemp and Acrivos [2] developed an interaction theory used to
describe separated viscous flow past a flat plate with surface mass addition. A calculation was
carried out in detail for the similarity injection distribution v,,(x, 0) = C/(2 Re x)* where C
is greater than the critical blowoff value C,=0.87574..., found from boundary-layer theory
[1]. Here (Re x)=U_, x'/v.,, the local Reynolds number defined in terms of the reference velocity,
kinematic viscosity and the dimensional streamwise variable. The flow structure consists first
of a wall layer of O(Re™ %) in extent, composed of inviscid, rotational injectant fluid. Above this
lies a viscous free shear layer of thickness O (Re ™ %). These two, relatively thin, internal layers act
as an effective displacement body which disturbs the basically uniform inviscid, irrotational

1

external flow to O (Re ™ *). The resulting interaction, described by slender body theory, produces
an O(Re™*) favorable pressure gradient which is essential (from the physical point of view)
for injection rates measured by C > C,,.

In the present work eigenvalue procedures, described by Libby [3], Stewartson [4], Libby
and Chen [5], Kemp [6] for boundary-layer flows, are adopted for a study of the spatial
stability of the above interaction problem. Interest is focused on the spatial decay of an initial
velocity profile (at a point x;) toward the similarity solution described in [1] in the limit x— co.

In the usual boundary-layer eigenvalue problem, one is concerned primarily with the nature
of the eigenfunctions in the viscous layer alone. Presumably their influence on the displacement
effect of the boundary layer could be calculated in terms of an O (Re ™ #) correction to the external
flow. However, this does not appear to have been considered. In the present problem this
displacement interaction effect is, of course, absolutely essential. The eigenfunctions here are
generated in the free shear layer. As such they are the disturbances associated with the similarity
form of the free shear layer, Lock’s mixing layer solution [1]. Formal matching conditions be-
tween the shear and wall layers can be used to show that the very same eigenfunction distur-
bances must appear in the latter layer as well. This inviscid, rotational layer exhibits only the
shear-layer induced eigenfunctions because it does not generate any of its own. The presence of
these disturbances in the wall layer causes the basic shape of the effective displacement body
to be altered to O (Re™¥). Hence the disturbances alter the external uniform stream to O (Re ™#).

Itmay be observed then that the multilayer structure of the flow and the interaction nature of the
problem lead to phenomena which are not observed in a boundary-layer calculation.
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The eigenvalue computation for the free shear layer is of interest itself since the eigenvalues
for Lock’s mixing layer similarity solution have not been obtained previously. The numerical
calculation involves an adaptation of the methods described by Libby and Chen [5] to a doubly
infinite field. In addition large eigenvalues have been calculated analytically by means of asymp-
totic techniques described by Kemp [ 6]. Here again, these procedures must be generalized due
to the field size.

2. Basic mathematical system

The mathematical system which describes the problem can be written in the form

[wy%—wx%—Re_leJ V3 =0 (1a)
¥, (r—o0)=1 (1b)
¥,(x,00=0, x>0 (1¢)
Yo (x,0)= —C(2xRe)"*, x>0, C>C,=0.87574... (1d)
Wy (x:, y) =Re™# 1,(7), 0=y=¥y*(x), x;>0 (1e)
¥, (x5 y) = (2) —o<z< w, x>0, (1

The variables , x and yin (1) are defined in terms of the uniform external flow U, and a length
scale L'. The Reynolds number Re is defined in the usual way. In (le, f) the nonsimilar
initial profiles in the wall and shear layers are represented formally. Here #;(y) and #;(z)
represent “‘initial” values for the velocity profile at x; in the wall layer and shear layer respecti-
vely. The variable j=y Re?, and y*(x) represents the outer edge of the injectant layer. The shear
layer variable z = [y — y, (x, Re)] ReZ, where y, (x, Re) represents the location of the zero stream-
line. These initial profiles are to be considered as slightly perturbed from the relevant similarity
solutions. It is to be determined whether these slightly altered profiles are able to relax to the
appropriate similarity profiles in the limit of x— co.

Unlike all previous calculations of this type of spatial stability where only the boundary-layer
equations were considered, this problem requires a development in terms of the three distinct
layers in this problem. Simply put, the disturbances in the shear layer alter the nature of the wall
layer. And through the interaction coupling of the wall and external flows, a further disturbance
to the latter appears. Hence we must develop slightly nonsimilar solutions i in each of innermost
layers and an appropriately altered solution in the external flow.

3. Formulation

The wall-layer transformations [1]
Re%!,b = J = (2x)%f(X, n)’ n= }—) (2x)_%, l_):pRe% (2)
Px)=—(29" *B(x)

are substituted into (1) and the limit Re—co applied. The lowest order system has the form

ff'l'l + (%) f;lz = ﬁ(X) +2x (f;lf;lx _fxf;m) (33')
f(x,0)=0, f(x,0)=—-C X > X; (3b)
fn(xi: n= (2xi)_% (7). (3¢)

Here f(x) is the initially unknown reduced interaction pressure gradient. The solution to (3)
is sought in terms of perturbations from the asymptotically valid similarity solution described
by Kassoy [ 1] or Klemp and Acrivos [2]. Hence fand f§ can be construsted in terms of expan-
sions valid in the limit x— o0 ;
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Feam=foln) + T fix ) lim 22t =0 (4a)
n=1 X7 n
B =fo+ T AL lim oo (@)
The lowest order terms in (4) are described by
n=-0b)* | 1€ 114 do (52
Bo = (8/9(3%))n* - (5b)
fol*)=—Co = —0.87574 .. (5¢)

Eq. (5¢), which effectively defines n*, is derived from the matching condition between the wall
and shear layers [1].

The corrections to f,(17), fo in (4) will be shown to result from disturbance phenomena oc-
curring in the shear layer. The system describing the latter can be developed by using the shear
layer transformations

Rety = = (2x) F(x, 5), s=2(2x) ¥ = [y —yo(x,Re) | (Re/2x)*, p=pRe? (6)
in (1). It is found‘ that in the limit Re—co

Fy+ FF, = 2x(F,F,—FF,) ‘ (7a)

F(x,s=0)=0 (7b)

Fy(x; 5) = i;(2) Tc)

The pressure term does not appear in (7a) because it is asymptotically small in the limit Re— co
with respect to the remaining viscous and inertia terms.
The matching condition with the external flow implies that

Fy(x,s—»00)=1. (7d)
Similarly the velocity match with the wall layer solution, ,(x, z— — c0) ~Re ™ ¥, (x, —7*)
where j* = (2x)¥n*, indicates that ’

F(x,s > —o0)=0. (7e)
Solutions for (7) valid in the limit x— co are described by

F(x,5)=Fy(s) + ) F,(x,s), lim % =0. )

n=1 X0 n

The lowest order solution, Fy(s), is simply Lock’s free shear layer which is described by

FJ(s)+ FoFy =0
Fy(s»o0) =1, F,(0)=0, Fj(s——00)=0.

It follows that Fy(s— — 00) = — Cy+ O (¢*). Hence streamfunction matching between the wall
and shear layers leads to (5c).

The quantity #* and (2) can be used to define a line, y* =Re™*(2x)* *, representing the shape
of the injectant region to a first approximation. Since the shear layer is relatively thinner
[O(Re™%)], this line also represents the shape of the effective displacement body for purposes
of calculating corrections to the external flow. This can be developed formally by a higher order
streamfunction matching between the shear layer and the external flow. To this end the latter
can be written as

Y ~y+Re 5y (x, y)+ ...

Journal of Engineering Math., Vol. 8 (1974) 229-240



232 » ' A. Zebib, D. R. Kassoy

where the correction streamfunction is described by V2, =0, ,(r—o0) = 0. The required
matching condition is constructed from (6) and the definition

Yolx, Re) ~Re™* [(2x)Fy* + Zgn ]+0(Re_%) ©)

where lim (g,+,/g,) =0. In (9) the first approximation to the zero streamline location is

X

identical to y* because the shear-layer is thin compared to O (Re™?). The functions g,(x)
represent corrections to the leading similarity result due to the nonsimilar initial data. It
follows that the matching condition is

Vi, 0)= = [(2x)*n* + "; g.(¥)] . (10)

Hence the interaction pressure field can be calculated from the classical incompressible slender
body formula :

Y& 0)de

p_ ch o (x f) . (11)

4. Eigenvalue problem

The first correction to F,(s) is described by the F, (x, s) system. This is derived by substituting
(8) into (7) and gathering appropriate terms. Thus
Flsss+F0Flss+F6,F1 _2x[FO,F1xs—F6’F1x] =0 (123')
Fi(x, s> 0)=F,(x, 0)= F;(x, s> —0)=0. (12b)

Here primes refer to derivatives with respect to s. Eq. (12) describes the eigenvalue problem for
Lock’s free shear layer. The usual separation of variables procedure [3] indicates that

Z L (X/%;:)"# 2 N, (s) (13)

where the g, are Fourier constants which can be calculated in the usual manner. Here N, (s) is
- described by

N+ Fo N/ + 2, Fo Ny +(1—-4,) Fg N, =0 (14a)

Ny(o0)=N,(0)= N,(—c)=0. (14b)
Stewartson [4] showed that F is an eigenfunction for all 4, and that there are two exact solu-
tions.

i=1 N, =F~F4(0) (15a)

ly=2 N,=F,—nF;. (15b)
The transformations N, (s) = M,,(s) F, H,= M, can be used in (14) to produce a second order
Sturm-Liouville system for H, [3]. The operator is self-adjoint. The eigenvalues are real and
positive and the eigenfunctions orthogonal in (— co, o) with respect to the weighting function

(F§*/Fy) (see Appendix A). The positiveness of the eigenvalues is a measure of the spatial
stability implied by F, (x— o0, s)—0. Hence the Fourier coefficients are described by

=G, | " ER IES) (N FYY [(F (5~ Fo)/ b ds

where the square of the norm, C,, is given by

[ ) OBy (N ds=5,0C,
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4.1. The numerical solution for the eigenvalues

The numerical procedure used to compute the eigenvalues of (14) is adopted from the quasi-
linearization method of Libby and Chen [5]. However several alterations are required to
accommodate the doubly infinite field. For numerical purposes the last boundary condition
in (14b) is replaced by an analytical equivalent derived from (14a) for s——oc. Here Fj is
replaced by its asymptotic form, — C,+ 0(e“*). Then in the limit s— — oo, the equation has the
form N,”—CyN; =0 (e°). An integration and application of the last condition in (14b)
produces the result
lim [N} ~CoN;] (16)
The first condition in (14b) is replaced by a formal statement of exponential decay. This is
obtatned by using the asymptotic form of Lock’s solution,

Fols—0) ~ 5= k+y(s— k)2 exp[ — () (s— )*]
k=0.3739, y=0.198
in (14a). It follows that

N+ (s— k)Ny/ + 2, Ny =y N, (o0) (4, — 1) exp[ — (3) (s—K)*] - (17)

for s—o0. The asymptotic form of F,, can be used to show that this result is valid for s> 4.
An integration and application of the first condition in (14b) provides a relation between N,
and N,/ in the limit s— o0

lim {N,' = —(s—k)(1+(1—4)(s— RN+ (1 - Aa)yN(o0)(s—k)™ " exp[—(G)(s— k)z( 1%)

The asymptotic expressions used to produce (18) can be used to show that the result is accurate
for s > s* where s* is sufficiently large so that | (1 — 4,)/(s* —k)?| < 1. Finally all the eigenfunctions
except that corresponding to A=2 are normalized by N, (0)=1. In the exceptional case (see
(15b)), the normalization N,'(0)=1 is used.

The numerical procedure now parallels Libby and Chen (1968). Egs. (14a) and (17) are
expressed in quasilinear form with 1, and N,(co) considered as parameters. The former is
integrated to s=4 with an assumed A, and N, (0). Following this, (17) is integrated backwards
from s* (which can be selected from the above inequality once 4, is chosen) to s=4, with (18)
as a boundary condition at s*, and an assumed N,(c0)= N, (4). Continuity of N,, N, N’ at
s=4 provides three conditions for the unknown 4,, N,(c0), N,’(0) and the constant associated
with integration of (18). The fourth condition is found by integrating (14a) to s= — 10 where
(16) is applied.

The procedure was tested for accuracy by comparing the numerical results for the two smallest
eigenvalues with the analytical forms in (15). The differences were of O (10~ 3). The next three
eigenvalues were found to be

Ay =32743, 1,=4.6957, 15=6.209 (19)
Larger eigenvalues can, in principle, be computed. However the doubly infinite field and in
particular the growth of s* with 4, implies increasingly large computation time.

4.2. Asymptotic estimates of large eigenvalues

Larger eigenvalues can be estimated by constructing an asymptotic theory based on the
method described by Kemp [6]. In the present work some variation from Kemp’s procedures
are required in order to deal with the doubly infinite field of the mixing layer. The describing
equation can be found by substituting the transformations
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= f (Fotds, u(t)=Fif exp[@) 5 Fods](N/FbY (20a, b)
JO 0 .
into (14a). It follows that
V() + (u—q(t))v=0 (21)
where

7 Fy? F? _ é_li(’i _ F,Fy

—i—( ) q)=—"2 49
p=d=() 40 =367 TaR Tare 2

It should be noted that the subscript n for 4 and v have been dropped for convenience. The
boundary conditions for (21), analogous to those in (14b) must be developed next. To this
end we consider first the asymptotic behavior of N'(s) for s— 4 co. If the asymptotic formulas
for the Fy(s) function

Fo(s—> ) ~s—k+y(s—k) "2 exp[—(F)(s—k)*]+..., (23a)
Fo(s— —o0)~ —Co+ae® + ..., k=03739,y=0.198, a=1.1502 ~ (23b)

are substituted into (14a), and the resulting equations are solved for N'(s— o) and N (s— — o0),
then it follows that

N'(s—»o)~A* (s—k)* Yexp[—F)(s—k)*]+... (24a)
N'(s—>—o0)~ A~ +(B/Cy) e +... (24b)

where A®, A~ and B are integration constants.
One can combine (20a) and (23a) to show that for s— oo

(22)

t—A~s—k = 4= g (FyYi—1)ds+k . (252)
, (Y

A simijlar manipulation with (20b) and (23b) implies that for s— — oo

t45 ~2(a/Co)t €D, 5= — S_ " (Fo)ds. (25b)
. 0
The asymptotic behavior of v(t) can now be obtained from (20b, 23, 24, 25). We find
v{t—o00) ~ (t—A)* " Pexp [ - @)(t—4)°] (26a)
v(t——08)~ (t+8)F+O([t+5]%) (26b)

corresponding to s— + oo respectively.
Finally, conditions at the zero streamline, s=0, must be considered. Here
Fo(s—0) ~ oy s+ (005/2) 8% — (ot 25/24) 5% — (23 /120)s° + ... (27)
where o, = F}(0)=0.58727012, o, = Fy (0) =0.28242854. Following procedures analogous to
those outlined above, it is found that for s—0
s~ap¥t—(o,/402) 2+ 0(2%) (28)
v(t=0)=aiN'(0). (29)
A solutjon for v(¢; ) in (21), subject to (26) and (29), is sought in the limit y— co. In particular,
an explicit expression for the reduced eigenvalue y=A4—14 is to be obtained.
When ¢ > 1, it can be shown from (22, 23a, 25a) that g(t—o0) ~ (t— 4)*/4 so that (21) has
the form
v"(8) +[pu—(—4)*/4)]v=0. (30)

This equation has a turning point at t=t,=2u*+ 4 so that a WKB procedure is necessary.
Following Kemp then it is observed that for ¢ > ¢,, the solution consists of exponentially in-
creasing and decreasing functions. The latter has the asymptotic form given in (26a). The former
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is annihilated by the appropriate “‘matching” at t=t, of the ¢ >t, solution with the ¢t <t,
solution. The latter is found to have the final form

v(t> 1):(D/,u’1‘)<1 - g%)-% cos(x—0), t<t,

oo (5) - e 52 - )
6=Q@Bn/4)+In, 1=0, £1, +2, ...

Here the # form arises from the required annihilation of the exponentially large terms in the
t >t4 solution [7]. The quantity D is an integration constant. If 4 is thought of as a large pa-
rameter, then (31) is a solution which is formally valid for t=0(u*) = O (4*). When t=0(u?)
the asymptotic form of (31) is

o~ (D)) [co0s (= 2+ 0= 2)~0-+00u7)) + 0™ | ()

When ¢<1, it can be shown from (22, 27) and (28) that g~b,+b,t+O(:*) where b, =
—T3/1603, by = —[(3a,)/(@e?)][1 —(7a%/4%3)]. Thus (21) has the special form

V' (utb,+b,0)v=0. (33)

A general solution, in terms of Airy functions is
v(t) = C; 4;(—b3[u+b, +b,t])+CyB(—bi[u+b, +b,1]) (34)

where C, , are integration constants. Since |+ b, +b, | > 1, (34) can be rewritten in terms of
the asymptotic expressions for 4;(—x), B;(—x), x > 1 [8]. It follows that

v~ (E/u?) [cos(i—gi + pF [t + %ﬂ + (n/4)+F+0(,u"%)>+0(,u_l)} - (35)

where E and F are integration constants. A comparison of (32) and (35) can be used to show that

F-—%‘Z—?—( /2)u—<ll—}+d> pE—n(1+1) (36)

when t— — 4§ it can be shown from (22), (23b) and (25b) that g ~ — 1 /[4(t+ 6)*] where ¢ is defined
in (25b). Then (21) has the form

vV (ut[4(+6)*] w=0. (37)
The solution of (37) which satisfies the boundary condition in (26b) is
v(t) ~ G(t+8)*Jo (u2 [t +3]) (38)

in which G is an integration constant and J is the Bessel function. For |u* [t+5]l>1 the
latter can be written in an asymptotic form. It follows that

v(t) = (G/u*) [cos (u* [t +8] — (n/4) + O (u~H)] .
If this is matched with (35), one finds that

_ 2w by
F= 3b, U b2+u5 (m/2) (39)
A quadratic equation for y* can be found by equating (36) and (39);
A4+ 8)uE+21+1=0. (40)

An explicit expression for y# can be found from (40). In order to insure real positive values of 4
(see (22)), it must be asserted that [= —n, n=1, 2, 3, .... This is in agreement with the definition
of /'in (31). Then it follows that
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dn=2n—3+(0*2) —0(2n—1+ (0?/4))} + O(n"?) (41)
o =(2/n)(4+9).
Numerical evaluation of the formulas in (25) show that 4=0.173, §=2.09. The asymptotic

values of 4, for the first five eigenvalues are compared with the numerically obtained values
in Table 1. The agreement is favorable.

TABLE 1

n j’exact j’asymp.
1 1 .7624
2 2 1.8358
3 3.2743 3.1541
4 4.6957 4.5884
5 6.209 6.0942

5. Wall-layer corrections

The form of the first wall-layer correction can be ascertained from the streamfunction matching
condition, f (x, 7—#*) ~ F(x, s— — o0). This has the explicit form

1)+ (% ) —n*)+...~Co + ; ayx ™2 N, (= 00). (42)

Here (7—#*) can be expressed in terms of y, (x; Re) by combining the transformations in (2)
and (6), the definition of y,(x; Re) in (9). It follows that

1=1*=(97F ¥ 3+ ORe"?) @)

where g, (x) = o(x*). Then if (4a), the value f,(7*)=—C, and (43) are substituted into (42),
it follows that '

i 1)+ 01X 3 g1 ()= Y apx /2 Ny (= co). (44)

n=1

Eq. (44) implies that the expansions for f; (x, #) and g, (x) have the form

fi= ) ax "G, (n) (45a)
n=1

g1= ) S, (2x)FxH"2 (45b)
n=1

where a,, 6, are constants to be found. The matching condition for G, (1) can then be extracted
from (44) and (45)

ot,,G,,(n*):a,,N,,(—oo)——fé(r]*)é,, . (46)
The dividing streamline equation, (9), can now be written as
Yolx,Re)=Re™3 {(2x)%[ Y 5,,x”"/2] +0(gy)+ o(Re—%)} . @7)
. n=1

Since (47) represents the shape of the effective displacement body, it follows from interaction
considerations that the pressure field p=Re™*p is proportional to yj(x; Re) or p'~yj(x; Re).
Thus (4b) can be written as
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Bx)=Po + X pax”
n=1 (48)
-where 7y, remains to be determined.
The systems describing the G, functions are derived from (3), (4), (45a) and (48). It follows
that for n>1 '

Jo Gy +15((/3)+ M) Grt fo' (1= 2) G, = — 9,/ (49)
G,(0)=G,(0)=0.

An analytical solution for (49) is possible because one exact closed form homogeneous solution,
fo, exists. Hence the full solution has the form

G, = (y/o) Ha (1, Ay) (50)

where

Hylns ) == | (808200 =010 b2 /o) W (0)d

¢1(t) :f(;(t) >
®2(t) = fo(t) jto €xp [ j; <%>dﬂ]d$
W (1) = ¢1(2) $2(5) — b1 (1) 2(0) -

It is noted that since o, G,=y,H,(n, 4,), then
fi = X vaHan, A)x™ 2. (51)
n=1

Hence the expansion constants in (48) and (51) are the same. Furthermore from (46) and (50)
we obtain '

')’an(ﬂ*, 'ln) = anNn(_ OO) _f(; (’1*)571 (52)

Since H,(n*, 4,), N,(— ) and f;(n*) are known, and the a, are Fourier coefficients which
depend on the initial profile, then (52) provides one relation for the two unknowns 7y, and 4,
A second relation follows from an explicit calculation of the pressure interaction with the
external field. Eqgs. (10), (11), and (45b) can be combined to produce an expression for the
corrections to the similarity pressure distribution

R 2% p0 ® /9 A Ekn
p— 2)2x)"F = — == =8, ——d
s =2 £ (3-5) g
o= (i 2)+(3) (53)
The integral in (53) can be evaluated by dividing the interval into the ranges x; < ¢ < x—¢,

x+e=< < oo and rewriting the integrands in the appropriate uniformly convergent series
form. Then for the limit ¢—0, x— o0 (53) becomes

—(3Be/2)(2x) 7 = — Z [ 1= )2, —1) 6 i; (m+1—p,)" (m+#..)‘1J X7 (54)
Then it follows from the definition of §(x) in (2), and (4b), (48) and the derivative of (54) that
— (=)= 1)3, T [ 1= )+ )] (53)

The infinite series in (55) has strong convergence properties. As m— co the terms approach m™2.
Thus from (52) and (55) explicit numerical values of y,, 8, can be found.
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6. Summary and conclusions

The wall and shear-layer solutions can now be written as
X)W =f (5, m)=fo()+ X yuHuln)x™ "
n=1

(2x)”%lz = F(x, s)=Fy(s) + i a,N,(s)x~*?

n=1

[ee]

yolos R =Re ™S 2o | 1" + 3, x|

n=1

P = - (97 o + » e .

n=1

A. Zebib, D. R. Kassoy

(56a)

(56b)

(56¢)

(56d)

Here y,, 8, are known functions of the Fourier coefficients a,. Thus with given initial data at x;
in the shear layer (see 1f) each of the coefficients can be calculated. Then y,, 8, can be explicitly
evaluated from (52) and (55). It is to be noted that the coefficients in the wall-layer expansions
are essentially prescribed by the shear-layer eigenfunction behavior. Hence the initial value of
the velocity profile in the wall-layer (see le) can, in a sense, be calculated from (56a). This is
interpreted to mean that the wall-layer initial data must be compatible with that in the shear
layer. This is not surprising because the development of the two layer upstream of x; is inter-

related by the interaction process.

4 7 T T T T

4,5,7 —

3,46 A ' L L '
.2 3 -4 .5 -6 7
C

.8

.9

Figure 1. Eigenvalues versus injection parameter C. The origin for 4,, (3, 4, 6) corresponds to n=3, 4, 5 respectively.
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The results in (56} show that the eigenfunctions generated in the shear layer cause disturbances
in the wall layer and external flow through the mechanism of the interaction phenomena. The
asymptotic rate of decay of the initial profiles to the equilibrium similarity solutions is like
(x)~* for x—0 because the smallest eigenvalue 1,= 1. This may be compared with the classical
result for flat plate boundary-layer flow [9] where the decay rate is O(x 1) corresponding to
Ao=2. Evidently free shear layers are less spatially-stable than boundary layers of a related
type.

’ Krishnamurthy and Williams [10] have considered the boundary-layer eigenvalue problem
arising from a linearization about the injected Blasius profile [ 11] for values of the wall blowing
parameter —f (0)=C < C,. They computed numerical values for the first several eigenvalues as
afunction of C. In Fig. 1 these results are shown forn= 3,4, 5. The largest injection rate considered
by Krishnamurthy and Williamsis C=0.81317. The values at C=0.87574...= C, are those found
in Section 3 of the present work. They represent the natural extension of the boundary-layer
results to the critical blowoff configuration. Of course larger values of injection cannot be
considered within the framework of boundary-layer theory. However, the present theory shows
that for a flat plate with a wall injection rate larger than C,, the eigenvalues are those of the
free-shear layer. Hence beyond C = C,, the eigenvalues remain constant.

Appendix A
Sturm—Liouville System

The transformation H,=(N,/F;) applied to (14a) leads to

2N £yt
LH,)=(-2-Hy| —FF?H,=—4, —H. (A1)
F Fy
The boundary conditions on H,(s) are
H,(s—o0) ~(s—k)*" ! exp [~ (3)(s—k)*] (A2)
H,(0) = N'(0)/«, (A3)
H, (s> —o0)~A,e” s, A,=constant (Ad)

where use has been made of (23) and (24). In order to show that L(H,,) is a self adjoint operator,
let H,, H,, be two solutions of (A1) satisfying A(2-4). Then

+ o0 'F'3 Ry
5 [H,L(H,)—H,L(H)]ds= lim [—0 (H,,H;,,—H,,,H;’)]

17
Ri—w,R2—7> — FO Ry

a3c3e3Cos

= lim ~—2>
Ry— —© dC(Z)e 08
=0 (AS)

where use has been made of (A4) and (23b). It follows immediately that the eigenvalues are real
and that the eigenfunctions are orthogonal on (— oo, o0) with respect to the weight function
(Fo)*/Fy.

With regard to the positiveness of the eigenvalues, use of (A1) and (AS) leads to

A, A, Cy—A, A C,le 2Cos
] m>~ 0

F F2H2ds + J (Fi3/Fy) H2 ds (A6)

S1

b | (FFEIEs = |

s

where s, >0 is such that H(s,) = 0. That there is such an s, is a result of the trigonometric
nature of solution (31) and definition (20b) of v(r). Now all integrals appearing in (A6) are
positive which leads to 4, >0. ‘ -
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